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Abstract
In this paper, we give an almost solution to the conjecture by N. Lichiardopol [Discrete
Math. 310 (19) (2010) 2567-2570]. It is proved that for given integers q ≥ 11 and k ≥ 1,
any tournament with minimum out-degree at least (q − 1)k − 1 contains at least k disjoint
cycles of length q. Our result is also an affirmative answer in terms of tournaments to the
conjecture of C. Thomassen [Combinatorca. 3 (3-4) (1983) 393-396]. In addition, it is an
extension of a result by J. Bang-Jensen, S. Bessy and S. Thomasse [J.Graph Theory 75 (3)
(2014) 284-302].
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1 Introduction
This paper considers only digraph. Notations not given are consistent with [4]. Paths
and cycles are always directed unless otherwise specified. In a digraph (D,A), a q-
cycle is a cycle of length q.We denote by (x1x2 . . . xqx1) the q-cycle on the vertex set
{x1, x2, . . . , xq} with arc set {x1x2, x2x3, . . . , xq−1xq, xqx1}. Similarly, a path with ver-
tex set {x1, . . . , xq} is denoted by (x1 . . . xq). We say k pairwise vertex disjoint cycles by
simply saying k disjoint cycles unless otherwise specified. A vertex y is an out-neighbor
(in-neighbor) of a vertex x if (x, y) (resp. (y, x)) is an arc ofD. We writeN+D (x) to denote
the sets of out-neighbors of x in D. The number of out-neighbors of x is the out-degree
d+(x) of x. The minimum out-degree of D, denoted by δ+(D), is the smallest out-degree
of D. Similarly, we can define the in-neighbor of a vertex x, N−D (x), d
−(x) and δ−(D).
A digraph D of order n ≥ 3 is pancyclic if it contains a cycle of length l for each
l = 3, 4, . . . , n, and is vertex-pancyclic if each vertex v of D lies on a cycle of length
l for each l = 3, 4, . . . , n. A tournament is a digraph T such that for any two distinct
vertices x and y, exactly one of the ordered pairs (x, y) and (y, x) is an arc of T . It is
well-known ( Redei’s Theorem ) that any tournament contains a Hamiltonian path, and
(Camion’s Theorem) a tournament is strong if and only if it contains a Hamiltonian cycle.
It is also known (Moon’s Theorem) that a strong tournament T of order |T | is pancyclic, i.e.
it has cycles of all lengths 3, . . . ,|T |. In particular this means that ifC is a q-cycle of T , then
the tournament T [V (C)] has cycles of all lengths 3, . . . , q. Moreover, Moon discovered
that every nontrivial strong tournament is vertex-pancyclic. A q-cycle free tournament is a
tournament T without q-cycle.
∗The author’s work is supported by National Natural Science Foundation of China (No.11671232, 11271230).
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In 1983, C. Thomassen [10] proposed the following conjecture.
Conjecture 1.1 ([10]) For each natural number k, there exists a function g(k) such that
any digraph of minimum out-degree at least g(k) contains k pairwise disjoint cycles of the
same length.
In 1996, N. Alon [1] gave a counterexample to show that the conjecture does not hold.
Theorem 1.2 ([1]) For every integer r, there exists a digraph with minimum out-degree
r which contains no two edge disjoint cycles of the same length (and hence, of course, no
two disjoint cycles the same length).
Although Conjecture 1.1 may not be true for all digraphs, N. Lichiardopol believed that
it is right for tournaments. He proposed the following conjecture in [8].
Conjecture 1.3 ([8]) For any integers q ≥ 3 and k ≥ 1, any tournament with minimum
out-degree at least (q − 1)k − 1 contains at least k disjoint cycles of length q.
This conjecture is still open. N. Lichiardopol himself proved the following theorems
in [8].
Theorem 1.4 ([8]) For given integers q ≥ 3 and k ≥ 1, any tournament with minimum
out-degree and in-degree both at least (q − 1)k − 1 contains at least k disjoint cycles of
length q.
Theorem 1.5 ([8]) For given integers q ≥ 3 and k ≥ 1, any tournament with minimum
out-degree at least (q− 1)k− 1 contains at least ⌈k− 1− k−2
q
⌉ disjoint cycles of length q.
Recently, Conjecture 1.3 was proved for q = 3 by J. B. Jensen, S. Bessy and S.
Thomasse´ in [3].
Theorem 1.6 ([3]) Every tournament T with minimum out-degree at least 2k − 1 has k
disjoint cycles each of which have length 3.
Theorem 1.6 is actually a solution to tournaments of a conjecture by J. C. Bermond and
C. Thomassen [6].
Conjecture 1.7 ([6]) If the minimum out-degree of a digraph D is at least 2k− 1, then D
contains at least k disjoint cycles.
This conjecture is trivial for k = 1 and it has been verified for k = 2 in [10] and k = 3
in [7]. For general digraphs with large k, Conjecture1.7 is still open.
In this paper, we give an almost solution to Conjecture 1.3 by proving the following
theorems.
Theorem 1.8 For any given integers q ≥ 9 and k ≥ 1, if k ≤ q + 1, then a tournament
with minimum outdegree at least (q − 1)k − 1 contains at least k disjoint q-cycles.
Theorem 1.9 For any given integers q ≥ 11 and k ≥ 1, a tournament with minimum
out-degree at least (q − 1)k − 1 contains at least k disjoint q-cycles.
To prove Theorem 1.9, we need another theorem.
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Theorem 1.10 Let k and q be two integers with q ≥ 10 and k ≥ 3.3√q. Suppose that
T is a tournament with minimum out-degree at least (q − 1)k − 1. For every collection
F = {C1, ..., Ck−1} of k − 1 disjoint q-cycles of T , there exists a collection of k disjoint
q-cycles which intersects T \ F on at most 3q vertices.
Notations: For a set X ⊆ V , we use D[X] to denote the sub-digraph of D induced
by X. If F is a sub-digraph of D, then D \ F denotes the sub-digraph T [V (D) \ v(F )].
Let X and Y be two disjoint subsets of vertices or sub-digraphs of D. X dominates Y (or
Y is dominated by X) means (x, y) is an arc of D for every x ∈ X and every y ∈ Y .
If X = {x}, then write x dominates Y instead of {x} dominates Y . We say that there is
a k-matching from X to Y , if the set of arcs from X to Y contains a matching of size at
least k. Define d+(X,Y ) to be the number of arcs from X to Y . If X = {v}, we write
d+(v, Y ) for simple.
The rest of the paper is organized as follows: In Section 2, Theorem 1.10 is proved and
in Section 3 the proofs of theorems 1.8 and 1.9 are presented.
2 Proof of Theorem 1.10
To prove Theorem 1.10, we consider a counterexample T and a family F = {C1, . . .
,Ck−1} of k − 1 disjoint q-cycles in T with k minimum. The chosen family F then is
maximal. That is, T \ F is a q-cycle free tournament T ′. Obviously, T ′ has a hamilton
path, say P = (ul . . . u2u1) and (uj , ui) is an arc of T if j − i ≥ q − 1. We claim that
|P | ≥ 4q − 5. Since δ+(T ) ≥ (q − 1)k − 1, there are at least 2(q − 1)k − 1 vertices in T .
Therefore, |T ′| ≥ 2(q − 1)k − 1− q(k − 1) = (q − 2)(k + 1) + 1 . It follows by q ≥ 10
and k ≥ 3.3√q that |T ′| ≥ 4q − 5. Now we partition P by letting U1 = {u1, . . . , uq+1},
S = {uq+2, . . . , u4q−5} and U2 = V (P ) \ (U1 ∪ S). That is, U1 is the set of the last q+1
vertices on P and S is the last 3q − 6 vertices on P \ U1.
We say that i (i ∈ {1, 2}) q-cycles of F can be extended if we can make i+1 q-cycles
using the vertices of the i q-cycles and at most 3q vertices of T ′. If i (i ∈ {1, 2}) q-cycles
in F can be extended, we say that we could extend F . If this happens, it would contradict
the choice of T and F .
The following lemma by Ko¨nig is useful in the proof.
Lemma 2.1 ([4]) If there is no k-matching from X to Y , then X ∪ Y contains a set of at
most k − 1 vertices which intersects all the arcs from X to Y .
In the proof of the main theorem, we need a number of claims.
Claim 2.2 Let S1 and S2 be two disjoint sets of vertices of T with |S2| = q.
(1) Suppose |S1| = q+1. (i) If d+(S1, S2) ≥ q2−q−1, then there is a (q−1)-matching
from S1 to S2; (ii) If d
+(S1, S2) ≥ q2, then there is a q-matching from S1 to S2.
(2) If |S1| = q and d+(S1, S2) ≥ q2− q+3, then (i) there exists a q-matching from S1
to S2; (ii) there exist at least three vertices v1, v2, v3 ∈ S1 such that vi dominates S2 for
each i = 1, 2, 3.
Proof: By Lemma 2.1, if there is no r-matching from S1 to S2, then there is a set of at
most r − 1 vertices of S1 ∪ S2 which intersects all the arcs from S1 to S2. Suppose i of
these vertices come from S1 and j of these vertices come from S2, then i+j ≤ r−1. Thus,
d+(S1, S2) ≤ |S2|i+ |S1|j = qi+ |S1|j ≤ max{|S1|, q}(i+ j) ≤ max{|S1|, q}(r − 1).
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(1) Let |S1| = q + 1. (i) When r = q − 1, we get d+(S1, S2) ≤ (q + 1)(q − 2) =
q2 − q − 2, a contradiction. (ii) Let r = q. Then d+(S1, S2) ≤ (q + 1)(q − 1) = q2 − 1,
again a contradiction.
(2) (i) Similarly, let |S1| = q, r = q, we have d+(S1, S2) ≤ q(q− 1) = q2− q, another
contradiction. (ii) Suppose there are at most two vertices of S1 that dominate S2, then
d+(S1, S2) ≤ 2q + (q − 2)(q − 1) = q2 − q + 2. The last contradiction proves the claim.
✷
Claim 2.3 Let C be a q-cycle in F , if there exist a vertex v ∈ V (C) with d+(v, U2) ≥ 3q
and a set N ⊆ N+U2(v) of at least 3q vertices such that for any u ∈ N , d+(u,C) ≥ 2, then
we can get k disjoint q-cycles.
Proof: Let T ′′ denote the sub-tournament induced by C , then T ′′ is strong. By the
vertex pancyclicity, T ′′ has a (q − 1)-cycle C ′ which passes through the vertex v. Denote
{u} = V (C) \ V (C ′). By the condition of the claim, there exists a set of 3q vertices
{u1, . . . , u3q} ⊆ N such that v dominates ui and d+(ui, C) ≥ 2 for each 1 ≤ i ≤ 3q.
Let T1 = T \ C ′ and F ′ = F \ C , then we have that δ+(T1) ≥ (q − 1)(k − 1) − 1
and F ′ is a collection of k − 2 disjoint q-cycles. By the minimality of k, we can get a
collection of k − 1 disjoint q-cycles F ′′ which intersects T1 \ F ′ on at most 3q vertices,
where V (T1 \F) = V (P )∪{u}. Thus there exists at least one vertex u′ in {u, u1, ..., u3q}
with 3q + 1 vertices such that u′ /∈ F ′′. If u′ = u, then F ′′ ∪ C is a collection of k
disjoint q-cycles, we are done. So u′ = ui for some 1 ≤ i ≤ 3q. Since v dominates ui and
d+(ui, C) ≥ 2, i.e. ui has both in-neighbours and out-neighbours in C ′, we see that the
sub-tournament induced by C ′ ∪ {ui} is strong. Thus it has a q-cycle C ′′ which is disjoint
from F ′′. Therefore, F ′′ ∪ C ′′ is a collection of k disjoint q-cycles. ✷
Now we use Claim 2.3 to prove Claim 2.4.
Claim 2.4 Let C be a q-cycle in F . (i) If d+(C,U2)≥ 3q, then there is a 2-matching from
C to U2.
(ii) If d+(C,U2) ≥ 6q − 1, then there is a 3-matching from C to U2.
Proof: (i) To the contrary, assume there is no 2-matching from C to U2. By Lemma 2.1
there exists one vertex v ∈ V (C) ∪ U2 which intersects all the arcs from C to U2, that is
d+(v, U2) ≥ 3q. It is easy to see that v /∈ U2, otherwise d+(C,U2) ≤ q, a contradiction.
Thus v ∈ V (C) and any vertex x ∈ V (C) \ {v} satisfies d+(x,U2) = 0, i.e. V (C) \ {v}
is dominated by U2. So d
+(u,C) ≥ |C| − 1 ≥ 2 for any u ∈ U2. By Claim 2.3, we can
get k disjoint q-cycles in T , a contradiction.
(ii) Assume there is no 3-matching from C to U2. Then by Lemma 2.1, there exist
two vertices u, v ∈ V (C) ∪ U2 which intersect all the arcs from C to U2. If both u and
v belong to U2, we get d
+(C,U2) ≤ 2q, a contradiction. If u ∈ U2 and v ∈ V (C), then
d+(C, u) ≤ q and d+(v, U2) ≥ 5q−1. Therefore, we see d+(v, U2 \{u}) ≥ 5q−2 ≥ 3q.
And d+(x,C) ≥ |C| − 1 ≥ 2 for any x ∈ U2 \ {u}. By Claim 2.3, there is k disjoint
q-cycles, a contradiction. If both u and v belong to C , since d+(C,U2) ≥ 6q − 1, at least
one of {u, v}, say u, such that d+(u,U2) ≥ 3q. As u, v intersect with all the arcs from C
to U2, we have d
+(x,C) ≥ |C| − 2 ≥ 2 for any x ∈ U2. Then by Claim 2.3, T contains k
disjoint q-cycles, a contradiction. ✷
Claim 2.5 For any Ci ∈ F , (i) if there is a q-matching from U1 to Ci, then there is no
2-matching from Ci to U2; (ii) if there is a 3-matching from Ci to U2, then there is no
(q − 1)-matching from U1 to Ci.
4
Proof: (i) Suppose there is a 2-matching from Ci to U2. Without loss of generality, we
may assume that Ci = (x1x2...xqx1), the q-matching between U1 and Ci is {(u1, x1),
(u2, x2), . . . , (uq, xq)} and the 2-matching between Ci to U2 is {(xi, u), (xj , v)} where
1 ≤ i < j ≤ q and the subscript of u on P is larger than that of v. Let T1 be the sub-
tournament induced by the cycle (xjv...u4q−5...u3q−2ujxj). Then T1 is strong, and by
pancyclicity it has a cycle C ′ of length q. Let T2 be the sub-tournament induced by the
cycle (xiuu3q−3...u2quixi). Similarly, T2 is strong and by pancyclicity it has a cycle C
′′
of length q. Now we can extend F by letting F ′ = (F \ Ci) ∪ {C ′, C ′′}, a contradiction.
(ii) Suppose there is a (q − 1)-matching from U1 to Ci and Ci = (x1x2...xqx1). Then
there exist two vertices xi, xj with 1 ≤ i < j ≤ q such that there is a 2-matching from U1
to {xi, xj} and a 2-matching from {xi, xj} to U2, using the method similar to that of (i)
we can extend F , again we get a contradiction. ✷
Claim 2.6 Let Ci, Cj ∈ F be any two q-cycles with i 6= j. If there is a q-matching from
U1 to Ci, and a 3-matching from Cj to U2, then the number of arcs from Ci to Cj is at
most q2 − q + 2, i.e. d+(Ci, Cj) ≤ q2 − q + 2.
Proof: Suppose d+(Ci, Cj) ≥ q2 − q + 3. Let Ci = (x1x2 . . . xqx1) and Cj =
(y1y2 . . . yqy1). Without loss of generality, we can assume the 3-matching from Cj to U2 is
{(yj1 , v1), (yj2 , v2), (yj3 , v3)} and (v1 . . . v2 . . . v3) is a sub-path on P . Since d+(Ci, Cj)
≥ q2 − q + 3, by Claim 2.2 (2)-(ii), there exist three vertices, say xi1 , xi2 , xi3 ∈ V (Ci),
such that xim dominates Cj for each m = 1, 2, 3. Since there is a q-matching from U1 to
Ci, there is a 3-matching from U1 to {xi1 , xi2 , xi3}. Without loss of generality, we assume
the 3-matching from U1 to {xi1 , xi2 , xi3} is {(ui1 , xi1), (ui2 , xi2), (ui3 , xi3)}. Now, let
B = (yj1v1u2q−1 . . . uq+2 . . . ui3xi3), C = (yj2v2u3q−3 . . . u2qui2xi2) and D = (yj3v3
. . . u4q−5 . . . u3q−2ui1xi1). It is easy to see that B,C and D are three disjoint cycles each
of length more than q. Then by pancyclicity, they contain three disjoint cycles C ′, C ′′, C ′′′,
respectively. Therefore we can extend {Ci, Cj} by {C ′, C ′′, C ′′′}, a contradiction. ✷
Denote by I the set of q-cycles that receive at least q2 arcs each from U1, by O the set
of q-cycles that send at least 6q − 1 arcs each to U2 and R = F \ (I ∪ O). Furthermore,
i, o and r, respectively, denote the size of I,O and R. By Claim 2.2 (1)-(ii), it is easy to
see that, for any C ∈ I , there is a q-matching from U1 to I . From Claim 2.4 (ii), we see
that for any C ∈ O, there is a 3-matching from C to U2. Thus, according to Claim 2.5,
I ∩ O = ∅. This is actually a partition of the q-cycles in F , i.e. F = I ∪ O ∪R. Hence
i+ o+ r = k − 1. (1)
Now we estimate the lower and upper bound of the number of arcs leaving from U1 to
F . First, because T ′ is q-cycle free, we see that d+(U1, S∪U2) ≤ (q−3)+(q−2)+...+1 =
1
2(q − 2)(q − 3). It follows by δ+(T ) ≥ (q − 1)k − 1 that
d+(U1,F) ≥ (q + 1)((q − 1)k − 1)− 1
2
(q + 1)q − 1
2
(q − 2)(q − 3). (2)
On the other hand, each cycle in I receives at most q(q + 1) arcs from U1, and by
Claim 2.5 (ii) and Claim 2.2 (1)-(i), each cycle in O receives at most q2 − q − 2 arcs from
U1. Thus
d+(U1,F) ≤ q(q + 1)i+ (q2 − q − 2)o + (q2 − 1)r.
Therefore, we obtain the following inequality:
(q+1)((q−1)k−1)− 1
2
(q+1)q− 1
2
(q−2)(q−3) ≤ q(q+1)i+(q2−q−2)o+(q2−1)r.
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From (1), r = k − 1− i− o. Consequently,
i ≥ q − 5
q + 1
+ o. (3)
Now we estimate the number of arcs leaving F \O, i.e. I ∪R, from below and above.
First, since δ+(T ) ≥ (q − 1)k − 1, we have that the number of arcs leaving I ∪ R is at
least
q(i+ r)((q − 1)k − 1)− 1
2
q(i+ r)(q(i+ r)− 1).
On the other hand, we bound the number of arcs from I to O (using Claim 2.6) and R to
O, from I to U2 (using Claim 2.5 (i)) and R to U2, from I ∪R to S and U1.
Set α = (q + 1)((q − 1)k − 1) − 12(q + 1)q − 12 (q − 2)(q − 3). For the last bound,
by (2), we know that d+(U1,F) ≥ α. Using Claim 2.5 (ii) and Claim 2.2 (1)-(i), we see
that d+(U1,O) ≤ (q2− q− 2)o. Therefore, d+(U1,I ∪R) = d+(U1,F)− d+(U1,O) ≥
α − (q2 − q − 2)o. Furthermore, d+(I ∪ R, U1) = q(q + 1)(i + r) − d+(U1,I ∪ R) ≤
q(i+ r)(q + 1)− α+ (q2 − q − 2)o. Hence, the number of arcs leaving I ∪R is at most
(q2 − q + 2)io + q2ro+ (3q − 1)i + (6q − 2)r + (3q − 6)q(i+ r)
+q(i+ r)(q + 1)− α+ (q2 − q − 2)o.
From the bound below and above, we can get another inequality, replace r in the in-
equality by k − 1− i− o from (1), we obtain
1
2
q2o2 + (q − q2)ko+ (3q2 + 5
2
q)o+ (
1
2
q2− q)k2 + (1− 1
2
q− 3q2)k+ (5
2
q2 +
5
2
q− 6)
≤ (2− q)io+ (1− 3q)i.
We bound i from below using (3) to get
ao2 + bo+ c < o, (4)
where a = 12q
2 + q − 2, b = ((q − q2)k) + (3q2 + 132 q − 9) and c = (12q2 − q)k2 + (1−
1
2q − 3q2)k + (52q2 + 112 q − 25).
Obviously, 12q
2 + q − 2 > 0. Inequality (4) admits solution for o only if
∆ = (−2q3+9q2−8q)k2+(6q3+7q2−26q+8)k+4q4+18q3+145
4
q2+27q−119 > 0.
(5)
Since −2q3 + 9q2 − 8q < 0, the inequality (5) has a solution only if
k <
6q3 + 7q2 − 26q + 8 + f(q)
4q3 − 18q2 + 16q ,
where f(q) =
√
32q7 + 36q6 − 146q5 − 776q4 − 1032q3 + 5936q2 − 4224q + 64.
It follows by q ≥ 10 that k < 3.3√q, i.e. the inequality (5) has a solution only if
k < 3.3
√
q. This contradicts k ≥ 3.3√q. So Theorem 1.10 is proved. ✷
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3 Proofs of Theorems 1.8 and 1.9
Before proving the main theorems, we need the following result.
Theorem 3.1 Let q and k be two integers with q ≥ 10 and k ≥ 1. If k ≥ 3.3q
3
2−2
q−1 , then
a tournament with minimum outdegree at least (q − 1)k − 1 contains at least k disjoint
q-cycles.
Now we prove Theorem 1.9. Since q ≥ 11, we have 3.3q
3
2−2
q−1 ≤ q+1. From Theorems 1.8
and 3.1, it is easy to see that Theorem 1.9 is right.
3.1 Proof of Theorem 3.1
Let x be the maximum number of disjoint q-cycles in T . We may assume that x ≤ k − 1,
otherwise we are done. Let C1, . . . , Cx be these q-cycles and Γ = {C1, . . . , Cx}, then
T \ Γ is q-cycle free. Denote by P = (vl . . . v2v1) a hamilton path of T \ Γ. It is easy to
see that d+(v1, P ) ≤ q − 3, otherwise there is a q-cycle in T \ Γ. So
d+(v1,Γ) ≥ ((q − 1)k − 1)− (q − 3) = (q − 1)(k − 1) + 1.
Since the number of vertices in Γ is qx, we have qx ≥ (q − 1)(k − 1) + 1, i.e. x ≥
q−1
q
(k − 1) + 1
q
. Hence, x + 1 ≥ q−1
q
k + 2
q
. Following by x ≤ k − 1 and k ≥ 3.3q
3
2−2
q−1 ,
we see that δ+(T ) ≥ (q − 1)k − 1 ≥ (q − 1)(x + 1) − 1 and x + 1 ≥ 3.3√q. Using
Theorem 1.10 by letting k = x + 1 and F = Γ, we can get x + 1 disjoint q-cycles in T ,
which contradicts the maximality of x. So we finish the proof of Theorem 3.1.
3.2 Proof of Theorem 1.8
Let T be a tournament satisfying the condition of Theorem 1.8. By Theorem 1.5, we see
that T contains at least ⌈k− 1− k−2
q
⌉ disjoint cycles of length q. Since k ≤ q + 1 implies
k−2
q
< 1, we have ⌈k− 1− k−2
q
⌉ ≥ k− 1. That is, T contains k− 1 disjoint q-cycles. We
can prove in this case, T contains k disjoint q-cycles, i.e. we prove the following claim.
Claim 3.2 If k ≤ q + 1, then T contains at least k − 1 disjoint cycles of length q.
The following facts are crucial in the proof of Theorem 1.8. Let C be a cycle of T with
|C| = m.
Fact 1. Ifm ≥ 4, then we can get a cycle C ′ ⊆ T [V (C)] of lengthm− 1 such that the
remaining vertex u satisfies d+(u,C) ≤ m− 3.
Proof: It is obvious that, for any vertex v ∈ V (C), the in-degree of v in C is at least
1, that is d+(v,C) ≤ m − 2. Moreover, the sub-tournament T [V (C)] is strong. By
property of pancyclic, there is a cycle C ′′ ⊆ T [V (C)] of length m − 1. If the remaining
vertex u′ satisfies d+(u′, C) ≤ m − 3, let C ′ = C ′′ and u = u′, then we are done.
Otherwise, d+(u′, C) = m − 2. Hence, there is exactly one vertex of C ′′ that dominates
u′, and all the other vertices are dominated by u′. We assume that C ′′ = (v1v2...vm−1v1)
and vi dominates u
′. Consider the vertex vi+1, it is dominated by vi and u
′, so we have
d+(vi+1, C) ≤ m − 3. Now, let C ′ = (v1...viu′vi+2vi+3...vm−1v1) and u = vi+1, done.
✷
Fact 2. Ifm ≥ 7, then there exist a cycle C ′ ⊆ T [V (C)] of length m− 1 and a vertex
u = V (C) \ V (C ′) such that d+(u,C) ≤ m− 4.
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Proof: Using Fact 1, we get a cycle C ′′ ⊆ T [V (C)] of length m − 1 such that the
remaining vertex u of C satisfies d+(u,C) ≤ m − 3. We may assume that d+(u,C) =
m − 3, that is d−(u,C ′′) = 2. Suppose C ′′ = (v1v2...vm−1v1) and vi, vj dominate
u for {i, j} ⊆ {1, . . . ,m − 1}. Then u dominates all the other vertices of C ′′. The
vertices vi, vj separate C
′′ into two subparts P1 = (vj+1...vi−1) and P2 = (vi+1...vj−1).
Since m ≥ 7, at least one subpart has at least 3 vertices. Without loss of generality,
we assume that the subpart P1 has at least 3 vertices. Consider the vertices vj+1, it is
dominated by vj and u, so d
+(vj+1, C) ≤ m − 3. If d+(vj+1, C) ≤ m − 4, let C ′ =
(v1...vjuvj+2...vm−1v1), and u = vj+1, we are done. Otherwise, d
+(vj+1, C) = m − 3,
that is vj+1 dominates all the vertices except vj and u. Now consider the vertex vj+2.
If d+(vj+2, C) ≤ m − 4, let C ′ = (v1...vjuvj+1vj+3...vm−1v1) and u = vj+1, we are
done. Otherwise, d+(vj+2, C) = m − 3, that is vj+2 dominates all the vertices except
vj+1 and u. In this case, consider the vertex vj+3. It is dominated by vj+1, vj+2 and u,
so d+(vj+3, C) ≤ m− 4. Let C ′ = (v1...vjuvj+1vj+2vj+4...vm−1v1) and u = vj+3, we
finish the proof. ✷
Fact 3. If m ≥ 7, then there exists a cycle C ′′ ⊆ T [V (C)] of length m − 2 such that
the remaining arc (x, y) of C satisfies d+(y,C) ≤ m− 4.
Proof: The proof is followed by using Fact 2 twice. First, we get a cycle C ′ of length
m− 1 from T [V (C)] and then we get a cycle C ′′ of lengthm− 2 from T [V (C ′)]. Clearly,
there exists an arc between the remaining vertices x and y, say (x, y) ∈ A, and d+(y,C) ≤
m− 4. ✷
Fact 4. If m ≥ 4 and x, y, z are three vertices in C , then at least one of them, say x,
satisfies that d+(x,C) ≤ m− 3.
Proof: Since C is a cycle, we have d−(v,C) ≥ 1 for any v ∈ V (C). So d+(v,C) ≤
m− 2. If all of the three vertices are of degreem− 2, then the third vertex z is dominated
by both x and y. Thus d+(z, C) ≤ m− 3, a contradiction. ✷
We continue to prove Theorem 1.8.
Because k ≤ q+1, using Claim 3.2, T contains at least k−1 disjoint cycles of length q.
We may assume that T has only k−1 disjoint q-cycles, and denote them by C1, . . . , Ck−1.
Then T \⋃1≤i≤k−1Ci is q-cycle free and it contains a hamilton path P .
Now we choose C1, . . . , Ck−1 such that the cycle CL of T \
⋃
i Ci, which contains the
last vertex of P , is as long as possible. Let Ω = {C1, . . . , Ck−1} and P = (ur . . . u2u1).
We first prove the following Claims 3.3 - 3.6. In all these claims, F1 and F2 are two
disjoint subgraphs of T [V (P )] with V (F1) ∪ V (F2) = V (P ) such that F2 dominates F1.
Claim 3.3 There exists a Ci ∈ Ω such that d+(F1, Ci) ≥ (q − 2q − |F1|−12q )|F1|.
Proof: Since F2 dominates F1, we have
d+(F1,Ω) ≥ ((q − 1)k − 1)|F1| − |F1|(|F1| − 1)
2
= ((q − 1)(k − 1) + q − 2− |F1| − 1
2
)|F1|.
By the pigeon hole principle, there is a Ci ∈ Ω such that d+(F1, Ci) ≥ (q − 1 + q−2k−1 −
|F1|−1
2(k−1))|F1|. Since k ≤ q + 1, we have d+(F1, Ci) ≥ (q − 2q − |F1|−12q )|F1|. ✷
Let Ci be a cycle of Claim 3.3, then we can prove the following Claims 3.4 and 3.5.
Claim 3.4 Let C ′i ⊆ T [V (Ci)] with |C ′i| = q − 2. If |F1| ≤ q − 1, then there exist at least
three vertices z1, z2, z3 in V (C
′
i) such that d
+(zi, F1) = 0 for each i = 1, 2, 3.
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Proof: Suppose there are at most two vertices satisfy the conclusion, then we can get
d+(Ci, F1) ≥ d+(C ′i, F1) ≥ q−4. On the other hand, by Claim 3.3, we have d+(Ci, F1) ≤
(2
q
+ |F1|−12q )|F1| ≤ (12 + 1q )(q − 1) < q2 + 12 , as |F1| ≤ q − 1. Therefore, q − 4 < q2 + 12 ,
that is q < 9, a contradiction. ✷
Claim 3.5 Let z be a vertex of Ci such that it is dominated by F1.
(i) If d+(z, Ci) ≤ q − 3, then d+(z, F2) ≥ 1.
(ii) If d+(z, Ci) ≤ q − 4, then d+(z, F2) ≥ 2.
Proof: (i) Since z is dominated by F1, so we have d
+(z, F2) ≥ d+(z)−d+(z,Ω\{Ci})−
d+(z, Ci) ≥ ((q − 1)k − 1)− q(k − 2)− (q − 3) = q − k + 2. As k ≤ q + 1, we obtain
d+(z, F1) ≥ 1.
(ii) By the same method with (i), we can get d+(z, F2) ≥ q − k + 3. Since k ≤ q + 1,
we get d+(z, F2) ≥ 2. ✷
Claim 3.6 Let F ⊆ T [V (F1)] with |F | ≥ |F1|−1 and q−2 ≤ |F1| ≤ q. Then d+(F, v) ≥
1 for any v ∈ V (Ci).
Proof: Let v be an arbitrary vertex of Ci. Suppose d
+(F, v) = 0, then d+(v, F ) = |F | ≥
|F1| − 1. Thus, d+(Ci, F1) ≥ d+(v, F ) ≥ |F1| − 1 ≥ q − 3. However, by Claim 3.3, we
have d+(Ci, F1) ≤ (2q + |F1|−12q )|F1| ≤ q2 + 1. Therefore, q − 3 ≤ q2 + 1, which implies
q ≤ 8. This contradicts q ≥ 9. ✷
Now we are in the position to complete the proof of Theorem 1.8.
First, we prove the existence of CL. Suppose, to the contrary, such cycle does not exist.
Apparently,
d+(u1,Ω) ≥ (q − 1)k − 1. (6)
We discuss in two cases.
Case 1 There is no cycle in P containing the vertex u2.
Let P ′ = (ur . . . u3), then {u1, u2} is dominated by P ′. Thus, by Claim 3.3 there
exists a q-cycle Ci ∈ Ω such that d+({u1, u2}, Ci) ≥ 2q − 5q . Since q ≥ 9, we have that
d+({u1, u2}, Ci) ≥ 2q, that is {u1, u2} dominates Ci.
By Fact 3, there are a cycle C ′i ⊆ T [V (Ci)] of length q−2, and an arc (x, y) of Ci \C ′i
such that d+(y,Ci) ≤ q − 4. Since there are 12(q − 2)(q − 3) arcs in T [V (C ′i)], by the
pigeon hole principle, there is a vertex z in C ′i such that d
+(z, C ′i) ≤ q−32 . It follows by
q ≥ 9 that d+(z, Ci) ≤ q−32 + 2 = q+12 ≤ q − 4. Therefore, using Claim 3.5 (ii), we get
d+(z, P ′) ≥ 2.
Suppose z dominates ui ∈ V (P ′). Then the sub-tournament induced by {u2, ui} ∪
V (C ′i) is strong, and so it has a hamilton cycle C of length q. Now let Ω
′ = (Ω \ {Ci}) ∪
{C}, then Ω′ is a collection of k − 1 disjoint q-cycles. Assume Q is a hamilton path of
T \Ω′.
Since d+(y,Ci) ≤ q − 4, by Claim 3.5, we have d+(y, P ′) ≥ 2. Therefore, there is
a vertex uj ∈ V (P ′) such that (y, uj) is an arc of T with i 6= j. Then we get a 4-cycle
C ′ = (u1xyuju1). Now we claim that the last vertex of Q is on C
′, which contradicts the
assumption. Let P ′′ = (vl...v1) be a hamilton path of V (P
′)\{ui, uj}. Since P ′ dominates
u1, we see that P
′′ dominates u1. Therefore, Q = (vl...v1u1xyuj) is the required hamilton
path.
Case 2 There is a cycle in P containing the vertex u2.
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Let B be the longest cycle in P containing u2. Then |B| ≤ q − 1. Denote the subpath
of P \ (B ∪ {u1}) by P ′ = (ur...uj). It is easy to see that P ′ dominates B ∪ {u1} and B
dominates u1.
Using Claim 3.3, there is a q-cycle Ci ∈ Ω such that d+(B ∪ {u1}, Ci) ≥ (q − 2q −
|B|
2q )(|B| + 1). Since |B| ≤ q − 1 and q ≥ 9, we have d+(B ∪ {u1}, Ci) ≥ (q − 12 −
3
2q )(|B|+ 1) ≥ (q − 23)(|B|+ 1). Therefore, d+(Ci, B ∪ {u1}) ≤ 23 (|B|+ 1) ≤ 23q.
We claim that d+(Cj , u1) ≤ 2 for any Cj ∈ Ω. Suppose otherwise, there is a cycle
Cj ∈ Ω with d+(Cj , u1) ≥ 3. Then d+(u1, Cj) ≤ q − 3. Hence, d+(u1,Ω) ≤ (q − 3) +
q(k − 2) = qk − q − 3 < (q − 1)k − 1 (since k ≤ q + 1), this contradicts (6).
Claim 3.7 |B| ≤ q − 2.
Proof: Suppose |B| ≥ q − 2. Then, using Claim 3.6, we get d+(B, v) ≥ 1 for any
v ∈ V (Ci), i.e. any vertex v ∈ V (Ci) is dominated by at least one vertex of B.
By Fact 2, there exist a cycle C ′i ⊆ T [V (Ci)] of length q − 1 and a vertex x =
V (C)\V (C ′i) such that d+(x,Ci) ≤ q−4. Let C ′i = (z1...zq−1z1). Since d+(Ci, u1) ≤ 2
and q ≥ 9, we have d+(u1, C ′i) ≥ 1. We may assume that (u1, z1) ∈ A. We first consider
the case d+(x,B) ≥ 1. Since d+(B,x) ≥ 1, it is easy to see that the sub-tournament
T [V (B) ∪ {x}] is strong, so it has a hamilton cycle C of length q. Let Ω′ = (Ω \ {Ci}) ∪
{C}, then Ω′ is a collection of k−1 disjoint q-cycles. LetQ = (ur...uju1z1...zq−1). Then
Q is a hamilton path of T \Ω′ which has a cycle C ′i containing the last vertex zq−1 of Q, a
contradiction.
Now we consider the case d+(x,B) = 0. If (u1, x) ∈ A, by Claim 3.5, we obtain
d+(x, P ′) ≥ 2. Otherwise, d+(x, P ′) ≥ 1. Thus, in either case there is a vertex ui ∈
V (P ′) such that x dominates ui. Because ui dominates B, the sub-tournament T1 =
T [V (B) ∪ {x, ui}] is strong. By property of vertex-pancyclic, there is cycle C ⊆ T1 of
length q containing the vertex x. Assume y = V (T1) \V (C). Let Ω′ = (Ω \{Ci})∪{C},
so Ω′ is a collection of k − 1 disjoint q-cycles. Since ui is the only out-neighbour of x in
T1, we see that y 6= ui, i.e. y ∈ V (B). Now let P ′′ = (vs...v1) be a hamilton path of
T [V (P ′) \ {ui}] and Q = (vs...v1yu1z1...zq−1). So Q is a hamilton path of T \Ω′ which
has a cycle C ′i containing the last vertex zq−1 of Q, a contradiction. ✷
Using Claim 3.6, again we can get d+(B, v) ≥ 1, for any v ∈ V (Ci).
From Fact 3, we can get a cycle C ′i ⊆ T [V (Ci)] of length q − 2 and an arc (x, y) with
{x, y} = V (Ci) \V (C ′i) such that d+(y,Ci) ≤ q− 4. Suppose C ′i = (z1...zq−2z1). Since
d+(Ci, u1) ≤ 2 and q ≥ 9, we have d+(u1, C ′i) ≥ 1.
If we can construct a new set Ω′ of disjoint q-cycles such that T \ Ω′ has a cycle B′
containing the last vertex of a hamilton cycle Q of T \ Ω′, then we get a contradiction. To
get Ω′, B′ and Q, we need consider three parts Ci, P
′ and B ∪ {u1} and discuss in three
subcases.
Case 2.1. d+(y,B) ≥ 1.
By Claim 3.4 and Fact 4, at least one vertex, say z1 ∈ V (C ′i), satisfies that d+(z1, B ∪
{u1}) = 0 and d+(z1, Ci) ≤ q − 3. By Claim 3.5 (i), we have that d+(z1, P ′) ≥ 1.
Therefore, there is a vertex ui ∈ V (P ′) such that z1 dominates ui. Since P ′ dominates
u1, we have ui dominates u1. Moreover, d
+(u1, C
′
i) ≥ 1. Hence, the sub-tournament
T [V (C ′i) ∪ {u1, ui}] is strong, then it has a hamilton cycle C of length q. Let Ω′ =
(Ω \ {Ci}) ∪ {C}.
Since d+(B,x) ≥ 1, the sub-tournament T [V (B)∪{x, y}] is strong, so it has a hamil-
ton cycle B′ = (b1b2...btb1). We may assume that b1 ∈ V (B). Let P ′′ = (vl...v1) be a
hamilton path of T [V (P ′) \ {ui}] and Q = (vl...v1b1b2...bt). Then Q is a hamilton path
of T \ Ω′ which has a cycle B′ containing the last vertex bt of Q.
10
Case 2.2. d+(y,B) = 0 and y dominates u1.
Since d+(u1, Ci) ≥ 1 and y dominates u1, the sub-tournament T1 = T [V (Ci)∪ {u1}]
is strong. So it has a hamilton cycle C ′ of length q + 1. By Fact 2, we get a cycle
C ⊆ T [V (C ′)] of length q and a vertex z = V (C ′) \ V (C) such that d+(z, C ′) ≤ q − 3.
Let Ω′ = (Ω \ {Ci}) ∪ {C}.
If d+(z,B) ≥ 1, since d+(B, z) ≥ 1, then T [V (B)∪{z}] is strong, so it has a hamilton
cycle B′ = (b1...btb1). Without loss of generality, we may assume b1 ∈ V (B). Set
Q = (ur...ujb1...bt), then Q is a hamilton path of T \ Ω′ which has a cycle B′ containing
the last vertex bt of Q.
If d+(z,B) = 0, using Claim 3.5 (i) with Ci = C
′, then d+(z, P ′) ≥ 1. Therefore,
there is a vertex ui ∈ V (P ′) such that z dominates ui. Since ui ∈ V (P ′), we have ui
dominates B. Moreover, d+(B, z) ≥ 1. Then, the sub-tournament T [V (B) ∪ {z, ui}]
is strong, so it has a hamilton cycle B′ = (b1...btb1). Without loss of generality, we
may assume b1 ∈ V (B). Let P ′′ = (vl...v1) be a hamilton path of V (P ′) \ {ui}. Then
Q = (vl...v1b1...bt) is a hamilton path of T \ Ω′ which has a cycle B′ containing the last
vertex bt of Q.
Case 2.3. d+(y,B ∪ {u1}) = 0.
From Claim 3.4 and Fact 4, at least one vertex of {z1, z2, z3}, say z1, satisfies that
d+(z1, B∪{u1}) = 0 and d+(z1, Ci) ≤ q−3. By Claim 3.5 (i), we have that d+(z1, P ′) ≥
1. Therefore, there is a vertex ui ∈ V (P ′) such that z1 dominates ui. Since P ′ dominates
u1, we have ui dominates u1. So T [V (C
′
i) ∪ {u1, ui}] is strong, then it has a hamilton
cycle C of length q. Let Ω′ = (Ω \ {Ci}) ∪ {C}.
Since d+(y,B ∪ {u1}) = 0 and d+(y,Ci) ≤ q − 4, by Claim 3.5(ii), we see that
d+(y, P ′) ≥ 2. Therefore, there is a vertex us which is different from ui such that y
dominates us. So T [V (B) ∪ {x, y, us}] is strong, then it has a hamilton cycle B′ =
(b1..btb1). Without loss of generality, we may assume b1 ∈ V (B). Let P ′′ = (vl...v1) be
a hamilton path of V (P ′) \ {ui, us}, then Q = (vl...v1b1...bt) is a hamilton path of T \Ω′
which has a cycle B′ containing the last vertex bt of Q.
Now we have proved the existence of CL, and obviously |CL| ≤ q − 1.
Without loss of generality, we may assume that CL = (u1u2...uj−1u1). Since it is
the longest cycle in P containing u1, we have that the remaining path P
′ = (ur...uj)
dominates CL. Since |CL| ≤ q − 1 and q ≥ 9, using Claim 3.3, there is a q-cycle Ci ∈ Ω
such that d+(CL, Ci) ≥ (q − 1118)|CL|. Therefore, d+(Ci, CL) ≤ 1118 |CL| ≤ 1118 (q − 1).
By Fact 3, there are a cycle C ′i ⊆ T [V (Ci)] of length q − 2 and an arc (x, y) with
{x, y} = V (Ci) \ V (C ′i) such that d+(y,Ci) ≤ q − 4. We claim that for any vertex
v ∈ CL, d+(v,C ′i) ≥ 1. Suppose otherwise d+(v,C ′i) = 0, that is d+(C ′i, v) = q − 2. So
we have d+(Ci, CL) ≥ d+(C ′i, v) = q − 2. On the other hand, d+(Ci, CL) ≤ 1118(q − 1).
Thus, we can get q − 2 ≤ 1118 (q − 1), that is q ≤ 3, a contradiction.
Using Claim 3.4 and Fact 4, it is easy to see that at least one vertex, say z1 ∈ V (C ′i),
satisfies d+(z1, Ci) ≤ q−3. Therefore, by Claim 3.5 (i), d+(z1, P ′) ≥ 1. We may assume
that z1 dominates ui ∈ V (P ′).
In the following, we are to construct a new set Ω′ of k − 1 disjoint q-cycles such that
T \ Ω′ has a cycle CL′ , which contains the last vertex of a hamilton path Q of T \ Ω′,
longer than CL. Then we get a contradiction. To get Ω
′, CL′ and Q, we consider the three
subgraphs Ci, CL and P
′. Now we discuss in two cases according to the length of CL.
Case A. |CL| ≥ 4.
We first consider the case d+(y,CL) ≥ 1. We may assume that (y, us) ∈ A with
us ∈ V (CL). Since |CL| ≥ 4, by property of vertex-pancyclic, there is a cycle C ′L
in T [V (CL)] of length |CL| − 1 containing the vertex us. The vertex of CL \ C ′L is
denoted by u. Using Claim 3.6, we get d+(C ′L, x) ≥ 1. Therefore, the sub-tournament
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T [V (C ′L)∪{x, y}] is strong, so it has a hamilton cycle CL′ = (b1...btb1) of length |CL|+1.
Without loss of generality, we may assume that b1 ∈ V (CL). As z1 dominates ui, ui
dominates u and d+(u,C ′i) ≥ q, the sub-tournament induced by V (C ′i) ∪ {u, ui} is also
strong, so it has a hamilton cycle C of length q. Now let Ω′ = (Ω \ {Ci}) ∪ {C}. Let
P ′′ = (vl...v1) be a hamilton path of V (P
′) \ {ui} and Q = (vl...v1b1...bt). Then Q is a
hamilton path of T \Ω′ which has a cycle CL′ of length |CL|+1 containing the last vertex
bt of Q.
Now we consider the case d+(y,CL) = 0. By property of pancyclic, there are a
cycle C ′L ⊆ T [V (CL)] of length |CL| − 1 and a remaining vertex u of CL. As discussed
before, d+(u,C ′i) ≥ 1. Thus T [V (C ′i) ∪ {u, ui}] is strong, so it has a hamilton cycle C of
length q. Let Ω′ = (Ω \ {Ci}) ∪ {C}, it is a collection of k − 1 disjoint q-cycles. Since
d+(y,CL) = 0 and d
+(y,Ci) ≤ q − 4, by Claim 3.5 (ii), we have d+(y, P ′) ≥ 2. So
there is a vertex us ∈ V (P ′) which is different from ui such that (y, us) ∈ A. Therefore,
T [V (C ′L) ∪ {x, y, us}] is strong, so it has a hamilton cycle CL′ = (b1...btb1) of length
|CL| + 2, where b1 ∈ V (A). Let P ′′ = (vl...v1) be a hamilton path of V (P ′) \ {ui, us},
and Q = (vl...v1b1...bt). Then Q is a hamilton path of T \ Ω′ which has a cycle CL′ of
length |CL|+ 2 containing the last vertex bt of Q.
Case B. |CL| = 3.
It is obvious that CL = (u1u2u3u1) and P
′ = (ur . . . u4). Since d
+(Ci, CL) ≤ 1118 |CL|
and |CL| = 3, we have d+(Ci, CL) ≤ 1. Therefore, at least two vertices of CL dominate
Ci.
If d+(y,CL) = 1. We may assume that y dominates u1. Then there is a 4-cycle
CL′ = (u1u2xyu1). The sub-tournament T [V (C
′
i)∪{u3, ui}] is strong, so it has a hamilton
cycle C of length q. Let Ω′ = (Ω\{Ci})∪{C}, it is a collection of k−1 disjoint q-cycles.
Let P ′′ = (vl...v1) be a hamilton path of V (P
′) \ {ui}, and Q = (vl...v1u1u2xy). Then
Q is a hamilton path of T \Ω′ which has a cycle CL′ of length 4 containing the last vertex
y of Q.
If d+(y,CL) = 0. We may assume that u2 dominates x. Since d
+(y,CL) = 0 and
d+(y,Ci) ≤ q − 4, by Claim 3.5 (ii), we have d+(y, P ′) ≥ 2. So there is a vertex us ∈
V (P ′) with us 6= ui such that (y, us) ∈ A. Then there is a 5-cycle CL′ = (u1u2xyusu1).
The sub-tournament T [V (C ′i)∪{u3, ui}] is strong, so it has a hamilton cycle C of length q.
Let Ω′ = (Ω \{Ci})∪{C}, it is a collection of k− 1 disjoint q-cycles. Let P ′′ = (vl...v1)
be a hamilton path of V (P ′)\{ui, us}, andQ = (vl...v1u1u2xyus). ThenQ is a hamilton
path of T \ Ω′ which has a cycle CL′ of length 5 containing the last vertex us of Q. We
finish our proof of Theorem 1.8.
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